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Overview 

•  Previously: we performed clustering 
•  Today: let us turn supervised 

– Fundamentals 
– Learning setup 
– Brief overview of learning algorithms 
– Our CrowdSignals case study 
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Supervised learning (1) 

•  What do we mean when we say ”machines 
can learn”? 
– Task 
– Historical data 
–  Improvement on task performance 

•  Mitchell: “A computer program is said to learn 
from experience E with respect to some class 
of tasks T and performance P, if its 
performance at tasks in T improves with E.” 
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Supervised learning (2) 

•  In supervised learning we want to learn 
–  a functional relationship, alternatively called 
   an unknown target function 

•  Here we map an observation 
to the target            (or g)  

•  Here,    represents the space of all possible 
inputs (and    all possible targets) 

•  Not likely to be deterministic 
– Measurement errors 
– Noisy target (e.g. because we do not have all 

observations) 
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100 6 Mathematical Foundations for Supervised Learning

Definition 6.1. A computer program is said to learn from experience E with respect
to some class of tasks T and performance P, if its performance at tasks in T improves
with E.

This definition extends definition 1.3 from the first chapter in two ways. First, identi-
fying patterns is not the ultimate objective but an intermediate step towards achiev-
ing a task. Second, we need a way to evaluate the performance of learning. This
might be as simple as indicated in the def. 1.6 where we try to estimate a func-
tion and thus minimize an error or more complicated as in the case where we have
to evaluate an action that tries to accomplish task T . Choosing an appropriate per-
formance measure is a very important step in machine learning, because it heavily
impacts the learning behavior of the learning algorithm. At the same time, as you
will see, the choice is not easy and heavily depends on the task itself.

6.1.1 Unknown target function

We now have a closer look on what computers need in order to learn and how learn-
ing is achieved. Let’s focus on supervised learning (def. 1.6). The assumption behind
supervised learning is that many real-world phenomena can be described in terms
of a mathematical model. A model simplifies the perspective on a real-world phe-
nomenon by the abstraction of and focusing on its important aspects. It refers to a
functional input/output relationship of observable concepts. Think a little bit about
the model oriented perspective - it is very powerful not only for understanding real-
world phenomena but also for predicting them. Let us see what this means by re-
considering the blood glucose example. Many factors influencing the blood glucose
level have been studied in detail: So, for example, it is known, that stress, fat, coffee,
and medication cause the glucose level to increase, while sports and healthy food
can decrease it. In addition, the functional relationship will be specific to individuals
as you might expect from our two characters Arnold and Bruce. Knowing the func-
tional relationship for our two guys enables us to understand how their individual
glucose levels evolve and also to come up with personalized recommendations for
training and food.

The main ingredient here is the functional relationship, that we would like to
learn. As such, machine learning has many similarities with inferential statistics but
extends its capabilities. We call the functional relationship, that we want to learn, the
unknown target function1 f (see Figure 6.1). It quantitatively represents the model
and can be any type of function f : X ! Y that maps the observation x 2 X to
the target y 2 Y (the target could also be a categorical target g and the following
argumentation would still hold). Here, X (and Y) represent the input (and target)
space which is the set of all potential observations2. You can think of the unknown
target function as the underlying generator of the data we observe.

1 In machine learning the terms function and model are often used interchangeably
2 For reasons of simplicity, we drop the index j of observations (x j,y j) in the following paragraphs
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Supervised learning (3) 

•  Assume unknown conditional target distribution 
p(y|x) 

•  Gives probability of y given that x is fixed 
•  If we calculate f(x) we add noise from a noise 

distribution 
–  Bernoulli or categorical distribution for discrete target 
–  Normal distribution for continuous 

•  More difficult to learn the target function with this 
noise 

•  In addition we have the distribution of the 
observations p(x) 
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Supervised learning (4) 

6	

6.1 Learning process and elements 101

Unknown 
target function

𝒇:𝓧 → 𝓨
Unknown 

conditional target 
distribution

𝒑(𝒚|𝒙)

Noise 
distribution

Observed data
𝓞 = { 𝒙𝒋, 𝒚𝒋 }

Hypothesis set
𝒉 ∈ 𝓗

Training

Test

Validation

Error measure
𝐄( )

Unknown 
input 

distribution
𝒑(𝒙)

Learning
machine

Learned 
model

 𝒇:𝓧 → 𝓨

Model selection and evaluation

Fig. 6.1: Process and elements of supervised machine learning [based on the learn-
ing diagram from Abu Mostafa et al. 2012 [1]]

In almost all realistic cases the data will not be generated by a deterministic
target function. That is because we often have measurement errors on the input side
(e.g. when recording his food intake Bruce forgets unintentionally about the last
piece of cream cake he had for breakfast) but also some noise on the output (e.g.
we have not accounted for all factors that influence the glucose level). These two
sources of noise would need to be dealt with independently, especially in cases of
non-linear relations. However, as per usual in machine learning, we will restrict
ourself and account only for noisy targets by introducing what we call the unknown
conditional target distribution p(y|x). If you haven’t seen the notation p(y|x) (read
as the probability of y given x), do not be scared. It gives the probability distribution
of y assuming that x is fixed. So, instead of having a deterministic function, we take
an input value x calculate f (x) and then add some noise, generated from a noise
distribution. When the target is discrete the noise distribution can be the Bernoulli
or categorical distribution. In case of a numerical target as in the case of the glucose
level it will be a continuous probability distribution such as the normal distribution.
As you can imagine accounting for random noise makes it more tricky to (at least
approximately) learn the target function, but that’s what realistic datasets are like.

There is one piece missing to ”generate” the observed data, which is the unknown
input distribution p(x) - as you might expect it tells us how the observations are
distributed. We will see later in this section why it is important to conceptually
have p(x) as a building block of our learning setup even though we do not need to
explicitly know it. Note, that we could now determine the joint distribution p(x,y),



Observed Data 

•  We separate our dataset into a training, 
validation, and test set 

•  We learn a function        that fits our observed 
data in the training set 

•  Should stratify training set in case of 
unbalanced dataset 

•  Evaluate generalizability of        upon test set  
•  Stop learning process based on validation set 
•  Small dataset: cross validation 
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102 6 Mathematical Foundations for Supervised Learning

since p(x,y) = p(y|x)p(x) holds by definition of conditional probabilities. However,
in machine learning we are typically interested in learning p(y|x). The reason is that
we want to predict a target value y for a given observation x.

6.1.2 Observed data

p(x) and p(y|x) represent the generating mechanism behind the phenomenon we
study. However, the only thing we can get hold of is the observed dataset O =
{(x j,y j)| j = 1...N} which helps us to learn about the unknown target distribution
p(y|x). Thus, the observed data can be interpreted as a blurry filter through which
we see the theoretical model.

Depending on the learning algorithm we split the observed data in two or three
subsets. The first subset is called the training dataset which is the main piece of
data used to learn which function f̂ (x) fits the observed data best. Depending on the
amount of data you are given the fraction of the overall dataset that constitutes the
training dataset varies. When data is limited, as it is often the case in psychologi-
cal or medical research, around two third of the overall dataset is used for training
purposes. When there is plenty of observed data available another aspect becomes
important. Assume you have a binary classification problem at hand (e.g. want to
predict a critical state of the blood glucose level): Very often, the number of obser-
vations belonging to one of the two classes is heavily skewed. We say the dataset is
unbalanced. If we would present this to our learning algorithms the learned target
distribution would put a strong weight on the dominant class in the data. In fact, it
might achieve a very good performance by doing so. However, we would be inter-
ested in predicting the underrepresented class in a good way as well. For instance,
if we want to predict a rare disease we are most interested in a model that is able
to identify the people that might have or develop the disease. In this case, to facil-
itate learning, the training data is designed to be a stratified sample of the overall
observed data. That means, training examples are chosen from the observed data in
a way that both class labels are equally likely, which then directs the optimization
algorithm to pay more attention to the underrepresented class.

Once the best fitting function is found, the test dataset helps to evaluate whether
f̂ (x) is also a good fit in a sense that it generalizes well - that is, calculating the
target value for unseen data based on f̂ (x) will produce good predictions (what
”good” means depends on how and what for f̂ (x) is used in practice; this issue will
be discussed in more detail in section 6.1.5). It is important that the test dataset be
kept separate from the learning process and is only used to assess its generalizability.

In supervised learning we always have a training and if, the amount of observed
data allows, also a test dataset. In addition to that some model types (e.g. decision
trees) use a validation dataset that advises the learning process when to stop. This
can also help to tune the parameter values of the learning algorithms. We will ex-
plore this in more detail when discussing decision trees (section 7.5), but you can

102 6 Mathematical Foundations for Supervised Learning

since p(x,y) = p(y|x)p(x) holds by definition of conditional probabilities. However,
in machine learning we are typically interested in learning p(y|x). The reason is that
we want to predict a target value y for a given observation x.

6.1.2 Observed data

p(x) and p(y|x) represent the generating mechanism behind the phenomenon we
study. However, the only thing we can get hold of is the observed dataset O =
{(x j,y j)| j = 1...N} which helps us to learn about the unknown target distribution
p(y|x). Thus, the observed data can be interpreted as a blurry filter through which
we see the theoretical model.

Depending on the learning algorithm we split the observed data in two or three
subsets. The first subset is called the training dataset which is the main piece of
data used to learn which function f̂ (x) fits the observed data best. Depending on the
amount of data you are given the fraction of the overall dataset that constitutes the
training dataset varies. When data is limited, as it is often the case in psychologi-
cal or medical research, around two third of the overall dataset is used for training
purposes. When there is plenty of observed data available another aspect becomes
important. Assume you have a binary classification problem at hand (e.g. want to
predict a critical state of the blood glucose level): Very often, the number of obser-
vations belonging to one of the two classes is heavily skewed. We say the dataset is
unbalanced. If we would present this to our learning algorithms the learned target
distribution would put a strong weight on the dominant class in the data. In fact, it
might achieve a very good performance by doing so. However, we would be inter-
ested in predicting the underrepresented class in a good way as well. For instance,
if we want to predict a rare disease we are most interested in a model that is able
to identify the people that might have or develop the disease. In this case, to facil-
itate learning, the training data is designed to be a stratified sample of the overall
observed data. That means, training examples are chosen from the observed data in
a way that both class labels are equally likely, which then directs the optimization
algorithm to pay more attention to the underrepresented class.

Once the best fitting function is found, the test dataset helps to evaluate whether
f̂ (x) is also a good fit in a sense that it generalizes well - that is, calculating the
target value for unseen data based on f̂ (x) will produce good predictions (what
”good” means depends on how and what for f̂ (x) is used in practice; this issue will
be discussed in more detail in section 6.1.5). It is important that the test dataset be
kept separate from the learning process and is only used to assess its generalizability.

In supervised learning we always have a training and if, the amount of observed
data allows, also a test dataset. In addition to that some model types (e.g. decision
trees) use a validation dataset that advises the learning process when to stop. This
can also help to tune the parameter values of the learning algorithms. We will ex-
plore this in more detail when discussing decision trees (section 7.5), but you can



Error measure (1) 

•  Assume we have a hypothesis for the target 
function h 

•  How far apart is h from f ? E(f, h) 
–  risk 

•  We can compute it per point e(f(x), h(x)) 
–  loss 

•  From e to E (given p(x)): 
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think of the validation data as being used to set a stopping criteria for learning and
thus to avoid overfitting (see section 6.2) .

For a small dataset we have to use the limited data in the best possible way. One
approach is to use cross validation: we split our data into k chunks (without any
overlap in the folds) and use k� 1 chunks to train on, and one chunk to test upon.
We have k different configurations for the training and the test set then. This is called
k-fold cross validation. We average the performance over these k configurations. We
fully use the data in such a case, but never train on data we test upon.

6.1.3 Error measure

We know that in general we are not able to infer the exact target function f . This is
due to the noisy target distribution and the finite amount of observed data available
for learning. To understand how far apart a candidate function h is from the unknown
target function f we need an error measure E( f ,h) that takes the two function as
arguments and returns a real value. To make this operational let us use a point-wise
error e( f (x),h(x)), that is a distance measure between the two values f (x) and h(x).
Based on that we define E( f ,h) to be the expectation value of e( f (x),h(x)) given
p(x).

E( f ,h) =
Z

X

e( f (x),h(x))p(x)dx (6.1)

In the more theoretically oriented literature (e.g. [107]) e( f (x),h(x)) is called loss
and E( f ,h) is called risk or risk functional.

Now that we have defined a general error measure, can we calculate it easily?
As you probably have already realized, the answer is No for any realistic learning
problem. Why? In order to calculate E( f ,h) we would not only need to know h(x)
at every point in the input space but also f (x). However, if we could determine f (x)
at any point, it would not be unknown anymore and there wouldn’t be anything to
learn. So what can we do instead? We approximate E( f ,h) as follows:

E( f ,h)⇡ 1
N

N

Â
j=1

e(y j,h(x j)) (6.2)

The term on the right hand side is called empirical risk and plays an important role,
when it comes to learning h(x). We will see later in this chapter that this approxi-
mation can be reasonably good but also go utterly wrong if we are not careful when
choosing the hypothesis set. For now, let us consider a classification problem and
see how Equation 6.2 looks like. One of the obvious error measure is the rate of



Error measure (2) 

•  Could we computer this? 
– Nope 

•  We approximate it using the data we have 

•  What definitions do we have for e? 
– Classification example: classification rate, F1, AUC, 
….. 

– Regression: mean squared error, mean absolute 
error, ….. 

9	

6.1 Learning process and elements 103

think of the validation data as being used to set a stopping criteria for learning and
thus to avoid overfitting (see section 6.2) .

For a small dataset we have to use the limited data in the best possible way. One
approach is to use cross validation: we split our data into k chunks (without any
overlap in the folds) and use k� 1 chunks to train on, and one chunk to test upon.
We have k different configurations for the training and the test set then. This is called
k-fold cross validation. We average the performance over these k configurations. We
fully use the data in such a case, but never train on data we test upon.

6.1.3 Error measure

We know that in general we are not able to infer the exact target function f . This is
due to the noisy target distribution and the finite amount of observed data available
for learning. To understand how far apart a candidate function h is from the unknown
target function f we need an error measure E( f ,h) that takes the two function as
arguments and returns a real value. To make this operational let us use a point-wise
error e( f (x),h(x)), that is a distance measure between the two values f (x) and h(x).
Based on that we define E( f ,h) to be the expectation value of e( f (x),h(x)) given
p(x).

E( f ,h) =
Z

X

e( f (x),h(x))p(x)dx (6.1)

In the more theoretically oriented literature (e.g. [107]) e( f (x),h(x)) is called loss
and E( f ,h) is called risk or risk functional.

Now that we have defined a general error measure, can we calculate it easily?
As you probably have already realized, the answer is No for any realistic learning
problem. Why? In order to calculate E( f ,h) we would not only need to know h(x)
at every point in the input space but also f (x). However, if we could determine f (x)
at any point, it would not be unknown anymore and there wouldn’t be anything to
learn. So what can we do instead? We approximate E( f ,h) as follows:

E( f ,h)⇡ 1
N

N

Â
j=1

e(y j,h(x j)) (6.2)

The term on the right hand side is called empirical risk and plays an important role,
when it comes to learning h(x). We will see later in this chapter that this approxi-
mation can be reasonably good but also go utterly wrong if we are not careful when
choosing the hypothesis set. For now, let us consider a classification problem and
see how Equation 6.2 looks like. One of the obvious error measure is the rate of



Error measure (3) 

•  In sample error: 

•  Out of sample error: 
 

10	

6.1 Learning process and elements 105

Ein(h) =
1
N Â

(x,y)2OTrain

e(y,h(x)) (6.3)

Compared to Equation 6.2 we dropped the reference to the unknown target function
f since we use the observed data instead. Thus, the in-sample error Ein(h) is the
empirical risk calculated for the training data. It is an import measure that will steer
the learning process in section 6.1.4. You already guess what the out-of-sample error
refers to: Strictly speaking we define it as

Eout(h) =
Z

X\OTrain

e( f (x),h(x))p(x)dx (6.4)

Eout(h) tells us how well the hypothesis h(x) is doing on the full input space (ac-
counting for p(x)) except for the training data. Note, that for all practical cases, due
to the finiteness of OTrain we have Eout(h) = E( f ,h). As we will discuss in more de-
tail, learning is about minimizing Eout(h) without knowing it exactly. Again, if we
could exactly determine Eout(h) we would need to know f (x) which would mean
that we do not have anything to learn. Therefore we will take Ein(h) as a proxy for
Eout(h) in the next section.

We would like to conclude this section by emphasizing how important it is to
choose an appropriate error measure. That is because the error measure strongly
impacts the outcome and feasibility of learning. In practice the choice of the error
measure depends on the intended use of the model that shall be learned. For ex-
ample, thinking of our friend Bruce, we might especially be interested to predict
extreme low or high values of the blood glucose level with the highest possible pre-
cision, while we do not care to be very exact in the mid range. Often, in a first step,
a computationally convenient error measure is chosen (e.g. mean squared error) and
then in a second step adjusted to the needs of a practical application (see section
6.1.5).

6.1.4 Hypothesis set and the learning machine

We now focus on another element in Figure 1.1: the hypothesis set H which is a
set of functions that contains all potential hypothesis h we consider to be candidates
to fit the unknown target function well. Very often H is an infinite set of functions.
For example, in regression this could be the (simple but yet infinite) set of all linear
functions on the input space X.

Thus, learning comes down to the task of selecting the hypothesis h 2H that best
matches the observed data - we call this hypothesis f̂ . You might think that this is
a very restrictive approach to learning because we need to have a ”good” candidate
in our hypothesis set and in a sense you are right. However, keep in mind, that we
could choose H to be as flexible as we wish to, that is we can add whatever class of
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Thus, learning comes down to the task of selecting the hypothesis h 2H that best
matches the observed data - we call this hypothesis f̂ . You might think that this is
a very restrictive approach to learning because we need to have a ”good” candidate
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function we believe might be appropriate. But adding flexibility comes with a price,
it makes the selection of f̂ harder, since you have more to choose from with the
same amount of observed data. In fact, as discussed for example by Mitchell [77],
without restricting the hypothesis space, learning as a selection of a f̂ from H is not
possible.

We have everything in place (in particular concepts such as observed data, er-
ror measure, and hypothesis set) to tackle the actual learning as represented by the
learning machine in Figure 1.1. We said, that learning is the task of selecting the
hypothesis h 2 H that best matches the observed data. What we mean by best is,
that we choose h so that it minimizes the in-sample error

f̂ = argmin
h2H

Ein(h)

So, behind the learning machine is an optimizer that tries to solve the above prob-
lem. Since we assume you are familiar with linear regression from an introductory
class on statistics we take it as an example here: What is the hypothesis set in the
linear regression case? We define an individual hypothesis as follows:

hq (x j) = q0 +
p

Â
k=1

qkxk
j = q T x j (6.5)

where q is the unknown vector of parameters and qk are its components (the sub-
script of hq (x j) denotes the dependency on q ). Note that the vector q has a length of
p+1 (the subscript runs from 0 to p), while an observation x j as defined in Equation
3.1 only has length p. A common trick is to extend the x j by adding a constant 0-th
element x0

j = 1 that links to q0 which in linear regression is called the intercept.
What are we missing? In order to minimize the in-sample error, we need to fix the

point-wise error. A convenient choice is e(y,h(x)) = (y�h(x))2 which leads to what
you probably already know as the least-mean-square solution in linear regression.
Applying Equation 6.3 to our specific settings and the full set of observed data leads
to

Ein(h) =
1
N

N

Â
j=1

(y j �q T x j)
2 =

1
N
(Y�q T X)T (Y�q T X)

How does the in-sample error look like? To get a graphical intuition let us assume
that the input space is 2-dimensional and the true (and unknown) parameters that
generated the data are qTrue = (1,3,2) and N = 1000. As you can see in Figure
6.2 the in-sample error is a quadratic function that only has one minimum. It is
this minimum, referred to as q̂ corresponding to f̂ , we are looking for. If you are
familiar with linear regression you might remember that, under the condition XT X
is invertible, there is a closed form solution
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in capturing complex relations of the model which translates into a decreasing in-
sample error. As a direct result the following inequalities hold

min
h2H1

Ein(h)� min
h2H2

Ein(h)� min
h2H3

Ein(h) . . .

In fact, no later than d � N � 1 the in-sample error will be 0, we refer to this
situation as overfitting. The term overfitting comes from the fact that we perfectly
fit our training data, while the out-of-sample error is very likely to even increase.

How can we avoid overfitting? We apply the same procedure as before: For each
hypothesis set Hd we minimize the in-sample error with respect to the training data
and obtain the best fitting model hd . For each hd we then calculate the in-sample
error with respect to the validation data. Ultimately, we choose hd with smallest
error in the validation data as our best model, thereby finding the best overall model.

Up to this point we have not touched the test data, neither for the training nor the
model selection. Therefore we can now evaluate our model by taking its in-sample
error on the test data as a proxy for the out-of-sample error. It can not be over
emphasized how important this strict separation of the test data from training or
validation data is, when the assessment of the out-of-sample error shall be reliable.

6.2 Learning Theory

In the previous section we studied the learning process and its elements. The ques-
tion we are concerned with in this section is: Is it guaranteed that machines can learn
as discussed above? The answer of Radio Yerevan would probably be: ”In principle,
yes, but ...”. To elaborate this answer, we present in this section the main ideas of the
underlying theory without going into the mathematical details. Our goal is to pro-
vide a conceptual underpinning for choosing the right hypothesis set and evaluating
the learning results. You might find it tricky to understand every step in this section,
if you do not have some working knowledge in probability theory. In this case, try
to follow the basic flow of arguments.

6.2.1 PAC Learnability

Let us rephrase and sharpen the initial question of this section: Can machines al-
ways learn the unknown target function? We have seen in the previous section that
we need lots of training examples to be able to approximate the unknown target
function f well. The question is: Will we ultimately succeed in approximating the
f arbitrarily well, when the number of training samples increase (N ! •)? Perhaps
surprising, but given the setting in the previous section, the answer is in most cases
No! This is because an obvious prerequisite, i.e. f 2 H, is typically not guaran-
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teed in practical applications. Therefore, no amount of training examples will be
sufficient to nail down f .

So, let us try to address the initial question of this section differently? We say
learning is possible, if the in-sample error is a good estimator for the out-of-sample
error: the in-sample error might be and in all relevant cases is not 0. However, with
increasing N the difference |Eout( f̂ )�Ein( f̂ )| will be most likely very small. Why
”most likely”? There is always the chance that the random training examples are
drawn from p(x,y) in a way that the above difference of errors is large. This is
captured in the following definition:

Definition 6.2. A hypothesis set is said to be PAC learnable (probably approxi-
mately correct), if a learning algorithm exists that fulfills the following condition:
For every e > 0 and d 2 (0,1) there is an m 2 N, so that for a random training sam-
ple with length larger than m, the following inequality holds with probability 1�d :
|Eout( f̂ )�Ein( f̂ )|< e

Admittedly, this definition looks a bit complicated. Basically we call a hypothesis
set PAC learnable, if given enough training examples we can approximate the out-
of-sample error arbitrarily well by the in-sample error. The statement comes with
a probabilistic caveat (due to the above mentioned random nature of the sampling
process), it only holds with a certain probability 1�d > 0. However, this probability
can be chosen to be arbitrarily small.

Let us consider a very simple hypothesis H1 set that only consists of one function
h and we are given N training samples. A learning algorithm would for sure output
h (because it is the only element in H1). Using the famous Hoeffding’s inequality
we have

p(|Eout(h)�Ein(h)|> e) 2e�2e2N (6.9)

That means with increasing N the difference between in- and out-of-sample error
will most likely become arbitrarily small (corresponding to whatever we set e to
be). Setting d = 2e�2e2N , we therefore conclude that this simple hypothesis set is
PAC learnable as defined in def. 6.2. Since H1 is neither a very exciting nor realistic
case, we move on to a more complex hypothesis set.

We assume that another hypothesis set HM contains a finite number M of hy-
potheses. Now for every h 2 HM the Equation 6.9 holds. However, the learning
algorithm will finally pick only one hypothesis f̂ that is supposed to minimize the
error measure. Therefore if we want to extend Equation 6.9 to the larger hypothesis
set HM and bound the error difference for f̂ , we have to account for the number of
choices. Using the union bound we get

p(|Eout( f̂ )�Ein( f̂ )|> e) 2Me�2e2N (6.10)

Note that the subtle difference to 6.9 is that the right hand side of the inequality is
by a factor of M larger - that is exactly what the union bound says. Even though
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this bound is less good than Equation 6.9, we see that the preconditions of def. 6.2
are still fulfilled and thus, that every finite hypothesis set is PAC learnable. Equation
6.10 can be rewritten

Eout( f̂ ) Ein( f̂ )+

r
1

2N
log

2M
d

which holds with probability 1�d . The fact that every finite hypothesis set is PAC
learnable is already a very powerful result, even though most hypothesis sets used
in practice are not finite. Why? Take for example the set of all linear functions
for a given number of features. Since we could arbitrarily choose parameters qk in
Equation 6.5 this hypothesis set for sure contains an infinite number of hypotheses.
However, we can construct a new hypothesis set for which all thetak are bounded
and discretized. This yields a hypothesis set that is finite while being similar to the
initial set, depending on the granularity of discretization. Thus, using Equation 6.10
we know that this discretized hypothesis set is PAC learnable.

6.2.2 VC-dimension and VC-bound

We have seen that finiteness of the hypothesis set is a sufficient condition that it is
PAC learnable. In this section we demonstrate that there are also infinite hypothesis
sets that are PAC learnable. We start with an example: Assume you have a binary
classification problem and only one real-valued input variable x. Your infinite hy-
pothesis set Hstep shall consist of all step functions

hq (x) =

(
1 x  q
0 otherwise

Let the unknown target function be one of the above step functions with an unknown
qtrue and no noise. Thus, what we want to learn is the unknown qtrue. By intuition
you can imagine, that the more random training examples we have the higher is the
chance to get close to qtrue. If qlearn is the output of our learning algorithm, |qlearn�
qtrue| determines the out-of-sample error. Therefore depending on the number of
training examples we can get as close as we want to qtrue. Thus, given def. 6.2 the
hypothesis set Hstep is PAC learnable, even though it is infinite.

To generalize this result to other infinite hypothesis sets we want to better un-
derstand the expressive power or complexity of a hypothesis set. By the expressive
power of a hypothesis set we mean its ability to correctly represent the training ex-
amples. Let’s focus on a binary classification problem und define a restriction of a
hypothesis set H to a finite set of input vectors X as follows [96]



PAC Learnable (2) 

•  What if we have an infinite set of 
hypotheses? 

•  Let us focus on a binary classification 
problem and assume we have a function h 
that is applied to all N instances in our set: 

15	

6.2 Learning Theory 115

Fig. 6.5: The points represent three input vectors (in both figures identical) and the
colors their categories as separated by two example hypothesis H1 and H2

Definition 6.3. Let the hypothesis set H be a set of functions h : X! {0,1}. For a
set of input vectors X = {x1,x2, · · · ,xN}, we call HX = {(h(x1), · · · ,h(xN)) : h 2H}
a restriction of H on X .

An element of HX is build by taking a function h 2 H and applying it to all N
vectors in X . This yields a vector of length N whose elements are 0’s and 1’s Thus,
HX contains a number of such length N vectors. Since there are no more than 2N

such vectors, the size of HX can maximally be 2N . However, the size of HX is often
smaller than 2N , because various h produce the same 0/1-vector. If the size of HX
is 2N , we say H shatters X , i.e. H can realize every possible labeling of the N input
vectors. Based on that we define:

Definition 6.4. The Vapnik-Chervonenkis (VC) dimension dVC of a hypothesis set
H is the maximum number of input vectors that can be shattered. The VC dimension
is infinite if there are arbitrarily large sets of input vectors that can be shattered.

Note, that the VC dimension of a hypothesis set dVC does not impose that any
set of input vectors that has size dVC can be shattered. Instead, the definition only
requires the existence of at least one set of dVC input vectors that can be shattered.

We admit that this might sound a bit complicated, so let’s look at an example:
Assume the input space X is R2 and the hypothesis set H encompass all affine
functions in R2, this is all straight lines. In Figure 6.5 you see a set of three points in
R2. It is possible to find 8 different hypotheses (straight lines) that separate the three
points in every of the 23 ways. Can we shatter every set of three points by H? No,
think of three points sitting on a straight line. Nevertheless, we have found a set of
three points that can be shattered by H, so we know by definition that dVC � 3.

Can we choose 4 points in a way that they all can be shattered by H? As an
exercise convince yourself that this is not possible. Therefore we know that dVC < 4
and thus dVC = 3.
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Can we choose 4 points in a way that they all can be shattered by H? As an
exercise convince yourself that this is not possible. Therefore we know that dVC < 4
and thus dVC = 3.



VC Dimension (3) 

•  Can we do it for 4? 
– Nope, VC-dimension is 3 

•  Now a nice result: all hypothesis sets with finite 
VC-dimension are PAC learnable 

•  In addition we can shown that:  

•  With            being the growth function  
– Measures the maximum number of elements for all 

possible restrictions  
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What can we use the VC dimension for? Being able to shatter a large number
of points in X and thus having a high VC dimension dVC correspond to a charac-
teristic of a hypothesis set that we call complexity. The higher the complexity of a
hypothesis set, the better we are able to model training examples.

Given a hypothesis set H with an infinite VC dimension and a fixed set of N
training examples it is likely that there is a hypothesis f̂ 2H that perfectly fits the
N training examples. By a perfect fit we mean that the in-sample error Ein( f̂ ) = 0.
How would you expect f̂ to perform when predicting the labels for the test set. Very
likely, it won’t do a very good job leading to a high out-of-sample error Eout( f̂ ).
Thus, for a hypothesis set with an infinite VC dimension Ein( f̂ ) is never a good
estimator for Eout( f̂ ) and therefore this hypothesis set is not PAC learnable.

The major result from the seminal work of Vapnik and Chervonenkis [106] is
that all hypothesis sets with finite VC dimensions are PAC learnable and it can be
shown that

Eout( f̂ ) Ein( f̂ )+

r
8
N

log
4mH(2N)

N
(6.11)

where mH(N) is called the growth function that is a measure for the maximum
number of elements of all possible restrictions HX . Equation 6.11 is called the VC
generalization bound. It says, that Eout( f̂ ) is close to Ein( f̂ ), if and only if the term
under the square root approaches zero asymptotically. With increasing N the lat-
ter only happens if mH(N) does not grow exponentially. In fact, it can be shown
that whenever a hypothesis set has a finite VC dimension, the growth function can
be bound by a polynomial of order dVC. You can convince yourself that in this
case the square root term in Equation 6.11 approaches zero, the reason being that
logmH(2N) growth slower than N if mH(2N) is polynomial.

6.2.3 Implications

The ideas and insights from the previous section are not only of theoretical interest
but can help us when choosing an appropriate hypothesis set. Let’s take a closer
look at the dependency of Ein( f̂ ) on the number of training examples. With only a
few training examples we often can find f̂ with Ein( f̂ ) = 0. With increasing N it is
not possible anymore to pick f̂ such that Ein( f̂ ) = 0. Instead Ein( f̂ ) will converge to
a maximum (Figure 6.6). Note, that when additional examples are used for training
purposes, f̂ is likely to change. It is this change of f̂ with increasing N that comes
with a decreasing Eout( f̂ ). As a result and on average, Eout( f̂ ) converges to Ein( f̂ )
– this is exactly what PAC learnability is all about.

Based on Equation 6.11 learning, in the sense of achieving a minimum Eout( f̂ ),
can be interpreted as pursuing two objectives. First, we want to minimize Ein( f̂ ).
Second, we need to make sure that the square root term in the inequality is small.
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Implications (1) 

•  What are the implications? 
– With few training examples, it is easy to obtain a 

low in-sample error 
– As N increases we will converge to a maximum 
– The out of sample error will decrease 
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Fig. 6.6: Dependency of in-sample and out-of-sample errors on the number of train-
ing examples

Fig. 6.7: Dependency of in-sample and out-of-sample errors on the complexity of
the hypothesis set

As you might have realized these are two competing objectives that have to be bal-
anced. If we fix N, which it is in practice (this is, you have a limited amount of
training data), we can study the dependency of in- and out-of-sample errors on the
complexity of H. While Ein( f̂ ) decreases with increasing complexity of H, Figure
6.7 demonstrates that there is an optimal complexity of H that minimizes Eout( f̂ ).

The mechanism behind it is that, if we choose the complexity of H to be too
small we are not able to capture the complexity of the underlying data well. This
situation is referred to as underfitting. On the other hand, if we choose a very com-
plex hypothesis set, we are able to capture the complexity of the underlying data.
However, we would need a lot of training data to pick the best suited hypothesis f̂
with respect to our goal to minimize Eout( f̂ ). Since training data is limited, picking
f̂ becomes a lucky shot. This situation is called overfitting. Choosing the appropriate
complexity of the hypothesis set is called Bias-Variance-Tradeoff.

The trade-off becomes obvious in Figure 6.8. When there is only little data, the
complexity of H (measured by its VC dimension) should be chosen to be low, be-



Implications (2) 

•  Given a fixed N we can study the influence 
of more complex hypotheses 
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As you might have realized these are two competing objectives that have to be bal-
anced. If we fix N, which it is in practice (this is, you have a limited amount of
training data), we can study the dependency of in- and out-of-sample errors on the
complexity of H. While Ein( f̂ ) decreases with increasing complexity of H, Figure
6.7 demonstrates that there is an optimal complexity of H that minimizes Eout( f̂ ).

The mechanism behind it is that, if we choose the complexity of H to be too
small we are not able to capture the complexity of the underlying data well. This
situation is referred to as underfitting. On the other hand, if we choose a very com-
plex hypothesis set, we are able to capture the complexity of the underlying data.
However, we would need a lot of training data to pick the best suited hypothesis f̂
with respect to our goal to minimize Eout( f̂ ). Since training data is limited, picking
f̂ becomes a lucky shot. This situation is called overfitting. Choosing the appropriate
complexity of the hypothesis set is called Bias-Variance-Tradeoff.

The trade-off becomes obvious in Figure 6.8. When there is only little data, the
complexity of H (measured by its VC dimension) should be chosen to be low, be-



Implications (3) 

•  Complexity versus training examples: 
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Fig. 6.8: Dependency of in-sample and out-of-sample errors on the number of train-
ing examples the for two complexity levels of the hypothesis set

cause the E(low)
out ( f̂ ) is expected to be smaller than E(high)

out ( f̂ ). If more training data
is available, it becomes beneficial to use a more complex H as demonstrated by the
lower E(high)

out ( f̂ ). As a rule of thumb the number of training examples N should be at
least 10 times higher than the VC dimension of the hypothesis set used for training
purposes.

6.3 Exercises

6.3.1 Pen and Paper

1. In section 6.1.2 we briefly discussed the potential discrepancy between ”best
fitting function” and ”good function”. Given the discussion in section 6.1.5 how
would you interpret this difference?

2. In section 6.1.1 we mentioned that f can be thought of as the generator of ob-
served data. Discuss this statement and the perspective real world phenomena
behind it.

3. Why is Eout(h) = E( f ,h) (see equation 6.4 for the definition of Eout(h))? In
which cases does the equation break?

4. Take the solution for linear regression q̂ = (XT X)�1XTY and determine the di-
mensionality of the involved matrices and vectors.

5. We stated that —q Ein(h) =
XT (Xq�Y )

N . Now it is your turn to prove this equation.
(Hint: it is tricky and needs some vector calculus. A good idea is to start with one
training example and then extend the number of observations)


